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General hypersurface layers are considered in order to describe brane- worlds and shell cosmologies. 
No restriction is placed on the causal character of the hypersurface which may thus have internal 
changes of signature. Strengthening the results in our previous letter we confirm that a good, 
regular and consistent description of signature change is achieved in these brane/shells scenarios, 
while keeping the hypersurface and the bulk completely regular. Our formalism allows for a unified 
description of the traditional timelike branes/shells together with the signature-changing, or pure 
null, ones. This allows for a detailed comparison of the results in both situations. An application 
to the case of hypersurface layers in static bulks is presented, leading to the general Robertson- 
Walker geometry on the layer — with a possible signature change. Explicit examples on anti de 
Sitter bulks are then studied. The permitted behaviours in different settings (Z2-mirror branes, 
asymmetric shells, signature-changing branes) are analysed in detail. We show in particular that (i) 
in asymmetric shells there is an upper bound for the energy density, and (ii) that the energy density 
within the brane vanishes when approaching a change of signature. The description of a signature 
change as a 'singularity' seen from within the brane is considered. We also find new relations between 
the fundamental constants in the brane/shell, its tension, and the cosmological and gravitational 
constants of the bulk, independently of the existence or not of a change of signature. 

PACS numbers: 04.50.-|-h, 04.20.Gz, ll.lO.Kk, ll.25.-w, 11.27.-|-d 



I. INTRODUCTION 

In a previous letter [l| , we explicitly showed that 
brane- world models constitute a natural scenario 

for the classical regular description of a change of signa- 
ture in the physical spacetime. This can also be said in 
general of any higher-dimensional theory (e.g. @ and 
references therein) admitting domain walls or (hyper)- 
surface layers. The same idea, together with the possi- 
bility of topology change, was later advocated in Q by 
constructing explicit solutions of an action given by the 
area/volume functional of the brane. 

In this paper we want to elaborate on the ideas put 
forward in [l| , but keeping the full generality so that we 
can also recover the traditional results usually derived for 
pure timelike branes or shells, see [sl. [ol. [Tol. [Til, [l^ [isl. 
[l5j . We also want to present detailed proofs of several 
interesting results merely announced in 

In geometrical terms, branes or shells are submani- 
folds of a higher dimensional spacetime called the bulk. 
The bulk metric is differentiable everywhere except on 
the brane where it is only continuous. The jump in the 
derivatives of the bulk metric is related to the part of 
the distributional energy-momentum tensor with support 
on the brane. Traditionally, branes have been assumed 
to be timelike submanifolds so that the induced geom- 
etry is Lorentzian and the brane can describe the four- 
dimensional spacetime where we live. In this case, the 
precise relation between the jumps in the metric deriva- 
tives and the energy-momentum quantities on the brane 
is given by the so-called Israel conditions jl^ ■ 



However, the timelike assumption is too strong: on 
physical grounds, it is enough that there is a region of the 
brane where it is timelike. A priori, there is no physical or 
mathematical obstruction to the existence of completely 
regular branes — in totally regular bulks — which change 
its causal character. As a trivial example, consider a 
circumference centred at the origin of two-dimensional 
Minkowski spacetime: this has two spacelike regions, two 
timelike ones, and four points where it is null. There- 
fore, in these higher-dimensional scenarios with branes 
or shells, the study of signature change becomes the geo- 
metrical analysis of embedded submanifolds in the bulk: 
a well-posed mathematical problem. 

As we shall see, a very interesting property of this type 
of signature-changing branes is that, even though the 
change of signature may appear as a dramatical event 
when seen from within the brane — specially if the scien- 
tists living there believe that their Universe is Lorentzian 
everywhere — , both the bulk and the brane can be totally 
smooth. As a matter of fact, we shall see that the change 
of signature occurs at a region in the brane which might 
be interpreted as a curvature singularity by those scien- 
tists. Of course, this opens the door to explain, or avoid, 
the classical singularities of General Relativity [13, [3 ■ 
For instance, a past big-bang singularity may be replaced 
by a signature-changing set leading to an Euclidean re- 
gion prior to the birth of time, or a neighbourhood of the 
singularity inside a black hole by a kind of Euclidean core. 
Explicit examples of these situations were actually built 
in P, [l^ , see also . This has natural and obvious links 
with the no-boundary proposal [2^ for the prescription 
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of the wave function of the Universe in quantum cosmol- 
ogy, and with similar ideas of quantum tunneling [2ll . [2^ 
from 'nothing' or from instantons. 

From a classical standpoint, changes of signature were 
treated in the literature mainly from the inner point of 
view, by just considering a manifold with a metric which 
becomes degenerate somewhere and changes signature, 
see [2^, [2^, 2^ and references therein. There was 
much debate on whether the transition between the Eu- 
clidean and the Lorentzian regions should occur smoothly 
or with a jump, see (27j and references therein. Both 
cases can be treated in the brane scenario that we pro- 
posed in [ij. The most natural case, though, is when the 
brane or shell is differentiable and the signature change 
is therefore smooth ^. Some explicit signature chang- 
ing solutions of the field equations for scalar field sources 
[31I H^l and for spinor fields [H, [s^l have been found, 
as well as in higher dimensional cases with compact ex- 
tra dimensions 35], or for the spherically symmetric case 
[3^ . In any case, the differences between our approach 
and those intrinsic treatments are radical, as we have 
a bulk structure available which defines inherited regular 
structures on the brane. As a matter of fact, we can even 
prove that some ad hoc assumptions in [2^ [3, [H, IH, H^] 
become necessary conditions in our setting, precisely be- 
cause of this bulk structure, see Sect. Ill Al 

In order to describe signature-changing branes we need 
to consider hypersurfaces without a fixed causal charac- 
ter, so that they may have timelike, spacelike and null 
portions. There are some obvious technical difficulties 
when dealing with hypersurfaces of such an arbitrary 
causal character. For instance, the first fundamental 
form is degenerate somewhere, and also the second fun- 
damental form is no longer extrinsic everywhere — it is 
actually intrinsic at null points. This leads to the most 
important difficulty: the usual matching conditions are 
no longer valid for hypersurfaces with changing causal 
character. In particular, the Israel formulas [l6| are not 
suitable to describe the energy-momentum on the shell or 
brane, and the appropriate generalization must be used. 
Probably this has been the reason behind the lack of stud- 
ies on signature-changing branes prior to 1] 1 and also of 



By allowing continuous piecewise differentiable hypersurfaces, 
wc could also describe discontinuous changes of signature. This 
would require a detailed knowledge of the matching conditions 
within a submanifold which, itself, is a matching hypersurface be- 
tween the two bulk subregions. The mathematical tools needed 
for that purpose have only appeared recently in the literature 
|28|l . Incidentally, a similar comment holds for standard timelike 
branes whenever the energy-momentum tensor within the brane 
has jumps, as for instance on the surface of a star. A proper 
mathematical description of such a situation would require the 
results in [28| . Let us remark that several papers have actually 
dealt with stars on the brane, e.g. [29l Isoll . However, in those 
papers the whole description is made from within the brane, with 
standard matching conditions across the surface of the star. It 
would be interesting to perform a full bulk description and com- 
pare the results. 



some misunderstandings ^ in the interesting recent work 
[s?! . Fortunately, the required generalization was already 
developed in [33| in four spacetime dimensions. The re- 
sults carry over to any dimension with no essential change 
and can therefore be used to study signature-changing 
branes. A self-consistent summary of the required results 
from [ssj is presented in sections [TTl and [TTll 

When dealing with changes of signature, there always 
remains the important unsolved question of which phys- 
ical mechanisms may produce, or induce, them. Several 
speculative possibilities have appeared in the literature, 
such as large time fluctuations [33] , tachyon condensation 
and S-branes [1^ [U [4^ , dynamical stabilization of 
extra dimensions by means of scalar fields [3], or emer- 
gent spacetimes in Bose-Einstein condensates [ilj. In 
particular, one should be able to device a physical pro- 
cess stimulating the signature change on a brane of an 
otherwise innocuous bulk. As far as we are aware, this 
is an important and fully open question, which we shall 
not address in this paper. 



A. Plan of the paper and summary 

The basics of gluing and how to construct branes or 
shells by pasting together two spacetimes with boundary 
is presented in section [ill When the boundaries have a 
non-constant signature, one needs the results of 3&, 4^ 
to perform the matching correctly. These are described, 
and corrected, in that section. In particular, we also 
correct an erroneous statement in our letter In this 
section we also prove rigorously that signature-changing 
branes or shells are not compatible with the Z2-mirror 
symmetry assumed many times in braneworlds. 

The generalised Israel formula is then presented and 
briefiy explained in Section IIIII Section |lVl is devoted to 
the field equations on the bulk and their consequences on 
the brane or shell. In particular, we prove some state- 
ments announced in Jj: there cannot be umbilical hy- 
persurfaces changing signature, and the brane tension 
cannot be constant in signature-changing branes. 

Readers familiar with these matters may skip the men- 
tioned sections and go directly to the more interesting 
physical results discussed afterwards. 

Sections |Vl and IVII deal with the explicit construc- 
tion of (signature-changing or not) branes and shells in 
static and spherically, plane, or hyperbolically symmet- 
ric bulks. We prove that, by gluing two such spacetimes 
across any hypersurface preserving the spatial symme- 



^ In [srj the traditional Israel formula l(9)l is applied to a Z2- 
symmetric brane, and then the brane is claimed to undergo a 
change of signature. Nevertheless, for a signature-changing brane 
the Israel conditions JS} are not valid, and the appropriate gener- 
alised formula mil l should have been used. Observe that, in fact, 
a Z2-symmetric brane can never undergo a signature change, 
according to our general result Corollary [2] 
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tries, a brane or a shell is obtained which has the general 
Robertson- Walker line-element, with a possible change 
of signature, as first fundamental form. The physical 
quantities of these branes are then computed in general. 
Section IVII specializes these results to the case of two 
anti de Sitter spacetimes, which produces a bulk with 
two, different in principle, cosmological constants. The 
different possibilities are then analyzed in detail, and we 
recover all previous results on Z2-symmetric branes and 
asymmetric shells. 

We also derive the corresponding new results for the 
signature-changing branes or shells, and we prove that 
the boundary of the Lorentzian part of the brane is part 
of a signature-changing set which is completely regular. 
We further show that the energy density of the matter 
fields vanishes when approaching this set. The possible 
interpretation of this set as a curvature singularity for 
observers living within the Lorentzian part of the brane 
is carefully considered. Finally, old and new relations 
between the fundamental constants in the brane and the 
parameters of the bulk are derived in some physically 
motivated limits. 

Throughout the paper, we will use units with the speed 
of light c = 1 . 



II. SIGNATURE CHANGING 
HYPERSURFACES: BASIC PROPERTIES AND 
BRANE CONSTRUCTION BY GLUING 

In general, branes are submanifolds in a higher dimen- 
sional spacetime (A^ , g) , which is called the bulk, with 
g being a Lorentzian metric of signature (— , . . . , 
Such objects had been traditionally known (specially for 
the case of co-dimension one) as thin layers or domain 
walls. The typical branes have a constant causal charac- 
ter, usually timelike. However, the purpose of this paper 
is to analyze the possibility of having more general branes 
such that their causal character may change from point 
to point. Thus, signature changing branes are subman- 
ifolds of changing causal character in {Ai ,g). In this 
paper we will present a unified formalism which allows 
to deal with general types of branes, signature-changing 
and signature-constant ones, at the same time. 

In order to have a topological defect such as a co- 
dimension one brane, and to have well-defined Einstein's 
field equations on the entire bulk, the metric g needs to 
be at least of class everywhere on A4 except on the 
brane E, where it should only be continuous — in a suit- 
able coordinate system. Thus, the differentiability of the 
manifold Ai must be at least C^, which we will assume 
from now on. manifolds with Lorentzian metrics 
will be called spacetimes from now on. The brane 
S is a hypersurface and hence it inherits a first funda- 
mental form h which must also be at least in order 



to admit gravitational field equations within the brane ^. 
Consequently, as a submanifold S must be at least 
too. Let N he a normal one-form of S, i.e. a non-zero 
one-form satisfying 

N{v) = Vw e TpE, VpG E 

so that it annihilates all vectors tangent to E. Raising the 
index of N we obtain a vector field N which may still be 
called "normal vector field" , but which is not necessarily 
transverse to E everywhere. From our assumptions, N 
and N are differentiable fields. Observe that, if we want 
to allow for signature changes on the brane, N cannot 
be globally normalized as it is null somewhere. Thus, N 
is defined only up to rescaling N AN, where A is a 
nowhere vanishing function on E. This "normaliza- 
tion" freedom plays an important role in the physics of 
the brane and needs to be kept in mind. Since the bulk 
metric is continuous across E, the norm (Greek lower-case 
indices run from 0, • • • ,n — I, where n is the dimension 
of the bulk) 

N{N) = {N,N) = g''''N^N, 

is well-defined on E and of class C^. For the signature 
of the brane to change, the set of points where E is null 
must be non-empty. Thus, to fix ideas and notation, we 
put forward the following 

Definition 1 Let E^ C E, Eg C E, and E^ C E be the 

subsets where the hypersurface E is spacelike, null and 
timelike, respectively. Equivalently, 

E£ = {peE:(Ar,Ar)|p<0}, 
Eo = {peE:(Ar,Ar)|p = 0}, 
Ei = {pGE:(Ar,Af)|p>0}. 

Accordingly, the induced metric h is positive definite at 
Eb, Lorentzian at E^ and degenerate at Eq. Then, Y,e is 
called the Euclidean phase of the brane, E ^ its Lorentzian 
phase, and Eq its null phase. Finally, the set 

S= (EinEo) U (E^nEo) 

is called the signature-changing set o/E. 

By definition Eq is a closed subset of E. Also by definition 
we have S" C Eq. The case when Eq has empty interior is 
characterized by 5 = Eq, and will be one of the important 
cases in our analysis. Note also that iV(iV) js,, = so that 
N is actually tangent to E on Eq, see [38*1 . 

We will implicitly assume that E^, is non-empty so that 
we have at least one region where the brane is timelike 



If objects like stars, with discontinuous energy-momentum ten- 
sors, are present on the brane, then the differentiabihty of h 
holds only outside the separating surfaces. 
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and therefore able to describe a real (Lorentzian) world. 
Notice, though, that it is still possible that both S and 
are non-empty while E^; = 0. In fact it is even possible 
to have branes which are timclike everywhere except at a 
single point, where it is null. A simple example is given 
by the hypersurface 

{x = a{t) cos 6,y — b sin 6, t} 

in 3-dimensional Minkowski spacetime with Cartesian co- 
ordinates {t,x,y}, where & > is a constant and a{t) is 
a positive function whose derivative satisfies |a| < 1 with 
equality at one single value. Similarly, branes which are 
spacelike everywhere except for a single point are pos- 
sible, as well as null branes so that = Tie = 0- 
Most of these situations do not truly describe a signa- 
ture changing brane, or at least not the one we usually 
have in mind, which require that both and He — 
and therefore S too — are non-empty. In this situation 
it is obvious that 5* cannot consist of a finite number of 
points. Even though our main goal in this paper are 
proper signature-changing branes, all mentioned cases 
are included and can be treated within our formalism. 
In the explicit examples, however, we will mainly deal 
with proper signature-changing branes with Sq = S, i.e. 
such that there is no open set where the hypersurface S 
is null. 



A. Restrictions on the signature-changing set S 

Even if one assumed that Eq has empty interior there 
remains a lot of freedom on the structure of S. In a 
general setting, not necessarily of brane type, the signa- 
ture changing set S may have many different structures. 
Nevertheless, this is no longer true in a brane-in-bulk set- 
ting, which is a desirable outcome, because conditions on 
S which are typically assumed ad hoc become predictions 
in this scenario. As a matter of fact, in our letter [l[ we 
claimed that one of the advantages of studying signature 
change within the brane scenario is that the structure of 
S becomes restricted. While this general claim remains 
true, see Lemma [T] below, the specific result on the struc- 
ture of S presented in fl!] is unfortunately false. We are 
grateful to E. Aguirre-Daban and J. Lafuente-Lopez [i^l 
for pointing out that Result 1.1 in [l[ is not correct. Let 
us describe this in detail. 

Result 1.1 in [l[ states that in the brane scenario, 
changes of signature occur at a single "instant of time" . 
In other words, that 5* is a spacelike (n — 2)-submanifold 
of the bulk. If we define, as usual, the radical of a 
degenerate metric h as the set of vectors V satisfying 
h{V, •) — 0, the claim above amounts to saying that the 
first fundamental form ft. of E at p €E 5 has a transverse 
radical (i.e. that the radical is nowhere tangent to S). 
A detailed study of signature changes with tangent rad- 
ical (i.e. such that the degeneration vectors are tangent 
to the signature changing set S) has been performed in 



[4^ . This analysis was done in full generality, without 
assuming that the signature changing space (E, h) is a 
brane within a bulk. From these general results, explicit 
examples of signature changes for branes with tangent 
radical may be derived [13]. One such example is as fol- 
lows. For signature changes with T.q — S and tangent 
radical there exists [i^ a coordinate system {y,x^,v} 
= 3, • • • ,n — 1) on a neighbourhood of any point 
p € S such that S : {y ^ 0} and the signature changing 
"metric" reads 

ds^ls = dy^ + y {g2dv -\- gidx^^'^ -t- gijdx^dx-' , 

where g2, gi and gij are differentiable functions of 
(jj,x\v) such that g2{0,x'^,v) = 1 and (gij) is positive 
definite. This tensor can be obtained as the first fun- 
damental form of the hypersurface E : {t = 0} in an 
n-dimensional bulk spacetime with metric 

ds^ = ydt'^ + 2kdtdv+dy^ +y {k2dv kidx^^ + kijdx'dx^ , 

where k, ki, k2 and fc.y are functions of (<, y, x', v) satisfy- 
ing fc2|t=o = 92, ki\t=o = 9%, hj\t=o = 9ij and k is chosen 
so that ds^ has Lorentzian signature everywhere. To see 
an explicit example (in four dimensions, for definiteness) 
consider the metric 

ds^ = f{dt^ + dv^) + 2 + dtdv + dy^ + dz^ , (1) 

which is a globally defined, smooth, Lorentzian metric on 
M for any smooth choice of /(i, v, y, z). Take f = y and 
the brane defined by E : = 0}, which is Lorentzian for 
y < and Riemannian for y > 0. The signature changing 
set S* C E is defined by {y = t — 0}, which is clearly a 
two-dimensional null surface, contradicting Result 1.1 in 
[ij. In fact, the same example ([T]) with a different / can 
be used to show that S needs not even be a differentiable 
submanifold and that branch points are allowed. Indeed, 
taking f ~ yz, the signature changing set is located at 
yz — 0, which are two 2-planes intersecting at the branch 
line {y — z = 0,v £ W). Thus, Result 1.1 in [l[ does not 
hold and the structure of S allows for much more freedom 
than claimed there. 

Despite several efforts, the only restriction on the 
structure of S, and more generally on the properties of 
Eq, that we have been able to derive from the brane set- 
ting is 

Lemma 1 At any point p e Eq and therefore at all 
points of S) of a co-dimension one brane E, the induced 
metric h of Yj has a unique degeneration direction given 
byN\p. 

Proof. At p g Eq the normal vector iV|p is also tangent 
to E. It obviously satisfies g{N,v)\p — for any vector 
v\p e TpE, which clearly implies h{N,-)\p — 0, so that 
N\p is a degeneration vector. To show uniqueness, let us 
take another degeneration vector wlp G Tj,E. It follows 
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g{w,'w)\p = and g{N,'w)\p = 0, so that the two null 
vectors N\p and w\p must be parallel. H 

This Lemma does indeed restrict the structure of S 
in the brane scenario because more general behaviours 
can occur for arbitrary signature changes. It may hap- 
pen, for instance, that the metric changes signature at a 
smooth hypersurface where the radical is two-, or higher- 
, dimensional, or even spans the whole tangent space. A 
simple example of the latter is given by the following 
(0, 2)-tensor in M" , 

ds^ = -tdt^ + {dxl +dxlA dx^m-i) ■ 



B. Gluing 

Let us next discuss the standard procedure of how 
to build branes by gluing manifolds with boundary, and 
the possibility of actually constructing signature chang- 
ing branes by that method. This is important as most 
of the standard branes are constructed in this manner. 
However, for hypersurfaces with changing causal char- 
acter, the usual matching conditions are no longer valid 
and an appropriate generalization must be used. For- 
tunately, such a generalization was already developed in 
[ssj l in four dimensions. These results can be readily gen- 
eralised to arbitrary dimension with no essential change. 
Since we shall use this matching procedure extensively, 
let us describe its essential features. 

We start from two oriented rt-dimensional man- 
ifolds with boundary whose boundaries are E^. 
These manifolds are endowed with Lorentzian met- 
rics (7^. In order to join them across their boundaries we 
need to identify the boundaries pointwise. This means, in 
particular, that there must exist a one-to-one correspon- 
dence between and E", which moreover must be a 
diffeomorphism in order to preserve the differential struc- 
ture. Both for conceptual and operational reasons, it is 
convenient to state this condition in the following equiva- 
lent manner: there exists an abstract (rt — l)-dimensional 
manifold S and two embeddings 



M- 



M- 



which satisfy $+(11) = S+ and $_ (E) = E". The 
identification of the boundaries is then given by <f> = 
3>^o $I^|5]- . Under these circumstances, and using stan- 
dard techniques of differential topology, it follows that 
the space A1 = A1+ U tU^, with the boundaries identi- 
fied, can be endowed with a differential structure [4§| so 
that it becomes a manifold. Our aim is to define a met- 
ric g on M. which is continuous everywhere, in particular 
across E (we shall often abuse notation and identify S+, 
E~ and E when necessary), such that g coincides with 
the original in the interiors of A^^, respectively. De- 
manding continuity is obviously sufficient for having a 
well-defined induced metric on the brane. It turns out 
that continuity is in fact the only possibility, as we dis- 
cuss next. 



1. Tangent space identification: riggings 

As pointed out by Clarke and Dray [i^ , defining a met- 
ric on M requires not only that we identify the points on 
the boundary but also that the tangent spaces are prop- 
erly identified. The differential map d^ fixes uniquely 
the way of identifying the tangent vectors of the bound- 
aries. Thus, if we want to define a continuous metric on 
Ai we need to require at least that the first fundamental 
forms of E+ and E~ coincide (via In other words 



$;(.g+) = cD*(.g-)^/^- 



(2) 



where denote the pull-backs of <I>± and h^,h^ are 
the first fundamental forms of E as defined from Ad'^ and 
, respectively. Conditions ([2|) are called preliminary 
matching conditions. When they hold we write h = = 
. In local coordinates they read as follows. Let {^"} 
(a, 6 = 1, • • • ,n — 1), {x^} and {x^_} be local coordinate 
systems on E, and Ai^ respectively. Consider the 
basis vectors and their images by d$± 



d$H 



d 



9e 



d 



(3) 



where the functions a;^(^) define the embeddings $± in 
local coordinates, i.e. 

Obviously, {e^} span the tangent planes of the hypersur- 
faces E='= as embedded in M^. In terms of these objects, 
the preliminary matching conditions ^ read 



(4) 



where 



In order to complete the identification of the tangent 
spaces, we only need to identify one transversal vector on 
E"*" with one transversal vector on E~. Then, the iden- 
tification of all tangent vectors follows by linearity. To 
that end, let us choose a vector field on E+ which 
is nowhere tangent to E"*" . The existence of such a vector 
field, sometimes called rigging [38| . is a standard prop- 
erty of manifolds with boundary. Transversality means 
N^£'^ 7^ where Ai^"*" is a normal one- form of E+ in 

Furthermore, we choose pointing towards 
everywhere; actually, since £^ is transversal to E+, it is 
sufhcient to impose that £^ points towards Ai'^ aX one 
point of E+. Of course, we could alternatively demand 
that points outwards from Ai^ . This would induce 
obvious changes in the discussion below with no essential 
new features. 

Now we need to choose another rigging on E^. 
Since we intend to identify with £_ and get a continu- 
ous metric, we must impose at least that their norms and 
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scalar products with arbitrary vectors in TE coincide. 
This amounts to requiring that 

gU+^l - g-.X-^'L. aU\^f = (5) 

where the symbol = stands for equality using the dif- 
feomorphism Equations ([5]) should be interpreted as 
restrictions on i- once has been chosen, or vice versa. 
These n conditions are not sufficient to ensure a proper 
matching, as the rigging £_ must also satisfy the prop- 
erty of pointing outwards from M.~ everywhere. This 
is necessary because, after the identification, the vector 
I = ij^ — points towards 7W+ (as i'+ does). When 
viewed from the glued manifold M. = U Al^, this is 
equivalent to saying that I points outwards from Mr . 

Two important questions arise: (a) are these con- 
ditions on the riggings already sufficient for the exis- 
tence of a matching with continuous metric? and (b) 
do they introduce any restrictions on the manifolds M.± 
to be matched? In a remarkable paper [4^, Clarke and 
Dray addressed these questions for the case of constant- 
signature matching hypersurfaces. Their conclusion was 
that the answer is affirmative in both cases. Unfortu- 
nately, this conclusion is not completely correct as stated, 
as we shall see presently with examples. Let us discuss 
this. 

The proof given by Clarke and Dray can be divided 
in two parts. In the first one, question (a) above is ad- 
dressed and the authors try to prove that a pair of rig- 
gings i± satisfying ([5]) with the correct orientation does 
exist. In the second part, which corresponds to question 
(b) above, the existence of a maximal atlas on Mi for 
which the metric g is continuous is shown, provided the 
preliminary matching conditions hold and a pair of suit- 
able riggings i± exist. This second part is correct and, in 
fact, depends very weakly on the assumption of constant 
signature of the matching hypersurface. A slight modifi- 
cation of the argument allows one to show that the same 
result holds for spacetimes with boundaries having vary- 
ing causal character. The first part of the proof, however, 
is not correct /or boundaries having null points, both in 
the constant null-signature case treated in [i^ or in its 
generalization to signature changing boundaries. Thus, 
a correct reformulation of Clarke and Dray's result is 

Theorem 1 Let {A4^,g^) be two n- dimensional 
oriented spacetimes-with-boundary, with respective 
boundaries such the preliminary matching conditions 
^ hold on S. Assume further that there exist transverse 
vector fields l± on satisfying the scalar product con- 
ditions ^ and such that points towards and £_ 
points outwards from M. ^ . 

Then, there exists a unique, maximal, differentiable 
structure on M = Ai^ (with their points on 

and identified), and a unique continuous metric g 
which coincides with g^ on and with g^ on M^ . 

Remark. The hypothesis on the existence of the rigging 
is necessary only in the case of boundaries which have 



at least one point of degeneration, i.e. Sq ^ 0. For 
everywhere spacelike or everywhere timelike boundaries 
the unit normal vectors with appropriate orientation fulfil 
all the requirements. 

2. On the existence of riggings for E with null points 

When S has null points existence of the appropriate 
riggings is not guaranteed, as we show next. We start 
with a Lemma stating that, at points where the hyper- 
surface is non-null, the solution of ([5]) with the proper 
orientation is unique, if it exists. 

Lemma 2 Let be two spacetimes-with-boundary 

satisfying the preliminary matching conditions Let 
be non-null at p~ G and set p^ — Choose 
any transverse vector field i+\p+ pointing towards . 
Then there is at most one solution of for £- \p~ point- 
ing outwards from M ^ . 

Proof. Take two solutions i-\p- and i-\p- of From 
the second equation it follows that its difference must be 
proportional to a normal vector: 

L\p- ^L\p- +AN-\p-. 
Inserting this into the first equation in ^ we obtain 

^ AiAN-N-f" + 2N-t), (6) 

which admits two solutions. The solution with A ^ 
gives an satisfying N-^lp- = ~N-e%-. Thus, / 
and i cannot both have the correct orientation. ■ 

The next Lemma shows that, at null points, uniqueness 
of £^ \p- holds irrespective of orientation. 

Lemma 3 With the same notation as in Lemma [H as- 
sume now that E~ is null at p^ . Then the solution of 
the algebraic equations 0) at p^ is unique, if it exists. 

Proof As N-N-^'\p = 0, equation ^ simplifies to = 
2AN~£'^\p- . Transversality of the rigging immediately 
implies then that A = 0. ■ 

This Lemma implies that the orientation of £- is fixed 
directly by the algebraic conditions (O at null points. 
This clearly suggests that there will exist spacetimes- 
with-boundaries satisfying all the preliminary matching 
conditions which, however, cannot be matched continu- 
ously. 

Before showing this explicitly, we must check that the 
existence of an does not depend on the choice of . 
Assume that a solution of the preliminary matching con- 
ditions ^ exists for one choice of rigging and take any 

other rigging £^. To show that a solution also exists for 

the second choice, we only need to decompose ^+ in the 



7 



basis {e + , and define as the same linear combina- 
tion of {e^ ,£^} (with £^ being the solution for which 
we assume it exists and which we know it is unique) . All 

the rigging and orientability conditions for £± are auto- 
matically satisfied. Thus, existence (or non-existence) of 
a suitable pair of riggings is reduced to existence of a 
solution of ([5]) for £_ given any chosen rigging £^. 

We can now discuss examples showing that the prelim- 
inary matching conditions are not sufficient for the exis- 
tence of a continuous matching. Let us begin with the 
simplest possible example, so that the main obstruction 
to existence becomes clear. Let us consider two identi- 
cal copies of the submanifold-with-boundary defined by 
t > X in 2-dimensional Minkowski spacetime in Carte- 
sian coordinates {t,x}. Let us denote them by (M+,77) 
and {M~ , 77) . Their corresponding boundaries are obvi- 
ously : {t = x}, see Figure [TJ Let us now try to 
match them by identifying the boundaries in the natural 
way, i.e. by taking $ as the identity mapping. With- 
out loss of generality, let the rigging vector £+ be null 
and point towards M+. We know by ^ that £^ also 
has to be null. Moreover it has to point outwards from 
M~ (see Figure [Ij. However, with the natural identifi- 
cation we have chosen, if the tangent vector points 
in one possible direction, then the tangent vector Cj" to 
be identified with must also point in that same direc- 
tion, see Figure [TJ But then it is clear that the second 
equality in ([5]) cannot be satisfied, showing that these two 
spacetimes cannot be matched across their boundaries by 
using the natural identification of points. One might still 
think that the problem arises from the choice of identifi- 
cation of boundaries. This is not the case, however, be- 
cause generically two manifolds- with-boundary will have 
at most one diffeomorphism between their boundaries for 
which the preliminary matching conditions are satisfied. 
Hence, in general there is no freedom in choosing another 
identification (see Corollary [1] below). 

This example can be generalised to arbitrary space- 
times. First of all let us notice that a natural way of 
building spacetimes-with-boundary is picking up an ar- 
bitrary spacetime (V, 7) and choosing a hypersurface E~ 
which divides V into two regions, which we denote by 
and M2 ■ Clearly both regions have S~ as their 
boundary. Assume now that we have another spacetime- 
with-boundary {A4^ , g~^) and assume that can be 
matched with (say) to produce a spacetime with 

continuous metric g. The following proposition ensures 
that cannot he matched to A^2^ using the same iden- 
tification of boundaries if has at least one null point. 

Proposition 1 Let {A4'^,g^) be a spacetime with 
boundary and J\4^ , M.2 be two regions of a space- 
time (V,7) satisfying 

where is a hypersurface with at least one null 
point. If there exists a diffeomorphism $ between S"*" and 



S such that (A^"*", g"*") can be matched continuously to 
{M.'^ then {M'^,g'^) cannot be matched contin- 
uously to {-^.2 t1\m^) with the same diffeomorphism 

Proof. Take a point p~ e Y,q and define = *&(?") 
as usual. By Lemma [3l for any transverse vector ^"''|p+ 
pointing towards there exists exactly one trans- 

verse vector £~\p- satisfying the rigging conditions (O. 
Moreover, we know that £~\p- points outwards from 
Ml because (A^+,,g+) can be matched continuously to 
{Ml n\M^)- Thus, there exists no rigging solving ([5]) 
pointing towards M^. Since A^j" and M2 can be visu- 
alized inside the total spacetime V, it follows that there 
is no rigging solving ([5]) pointing outwards from B 

For any hypersurface S of arbitrary causal character, 
with first fundamental form /i, a diffeomorphism ^ : E — > 
S is called an isometry if '^*{h) = h. The following 
corollary follows immediately from Proposition [1] taking 
into account that if (A^"*", g"'") could still be matched to 
(A^^,7|^-) through a different diffeomorphism then 

<i)^i o <i)' would constitute an isometry of different 
from the identity. 

Corollary 1 With the same assumptions as in Proposi- 
tion{ll let h^ be the first fundamental form of Y,~ g V. 
If{'E~,h~) admits no isometrics apart from the identity, 
then (A4^,g^) cannot be matched to (A^2^,7|_v(-)- 



C. Gluing and the Z2-mirror symmetry 

Proposition [T] has another interesting corollary appli- 
cable to the case of joining two identical copies of the 
same spacetime with boundary: the so-called Z2- 
mirror symmetry branes. If the boundary has at least 
one null point, and if the spacetime is a subregion of a 
larger spacetime without boundary, impossibility of 
matching would follow immediately. It is likely that such 
a extension always exists. However, instead of at- 
tempting a proof of this fact, let us show directly that, in 
any case, the two copies cannot be matched continuously, 
as announced in [l[. 

Corollary 2 It is impossible to join two identical copies 
of a spacetime with boundary E such that T,q ^ $ (in 
particular with a signature- changing boundary T,), iden- 
tifying naturally the points on E, to produce a bulk with 
continuous metric. 

Proof. Let us call {M'^jg'^) the two identical copies and 
E* their corresponding boundaries. Let % be the natural 
identification of and A4~ . Take a point p where the 
boundary is null and any rigging vector £+|p pointing 
towards . Clearly x|e+ is the diffeomorphism we are 
using to identify the boundaries. By Lemma [3] there is 
a unique solution £-\x(p) of the rigging equations (O, 
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FIG. 1: Two identical copies of the manifold with boundary defined by the region t > a; of Minkowski spacetime. These are the 
non-shadowed parts of the picture. The natural identification of boundaries amounts to identifying the two a-points, and the 
two fe-points, and so on. The rigging vectors £^ are chosen to be null and one pointing towards M"*" and the other outwards 
from Af~, as required. The second vector to complete the bases {£^,e^} coincides with the corresponding normal vector 
iV^. Both must point from a to 6 (or vice versa) due to the chosen identification. But then the tangent spaces cannot be 
properly identified because the scalar products do not match. A second possible choice of rigging vectors is represented by the 
broken-line vectors, leading to the same problem. 



and that must be obviously i-\x{p) = ^x{^+\p) which is 

just a copy of the original rigging. But since £+\p points 

towards it follows that i-\x(p} points towards 
and the proposed matching is impossible. ■ 

This corollary shows that the usual Z2 mirror symme- 
try extensively used in the brane scenario is incompatible 
with signature-changing branes, with null branes, and 
in general with branes having a non-empty Eq- There- 
fore constructing such branes requires more sophisticated 
methods. For instance, we can try to join two differ- 
ent regions of the same spacetime or two different space- 
times. In general such constructions are more involved 
than in the mirror symmetric case because the prelimi- 
nary matching conditions are not automatically satisfied 
and more equations need to be solved. This does not 
mean, however, that such constructions are impossible. 
Explicit examples were in fact given in We shall go 
back to these and other examples in Sections |V] and IVll 

In this section we have seen that in order to construct 
spacetimes with signature changing branes one must be 
careful with the existence of suitable riggings at points 
where the matching hypersurface is null. The results we 
have presented obviously hold for usual matching con- 
ditions in General Relativity, but they also hold in any 
other geometrical theory. When trying to join space- 
times involving matching hypersurfaces with null points 
(in particular if the matching hypersurface is null every- 
where) , the equality of the first fundamental forms is not 
sufficient to ensure the existence of a matched spacetime 
with continuous metric. Existence of suitable riggings 
must always be checked in those cases. 

Having discussed the construction of branes by the 
method of gluing and its consequences for the signature- 
changing case, we need to analyze the equations relating 
the jump in the metric derivatives with the singular part 



of the Einstein tensor on the bulk. Again, the standard 
Israel conditions do not apply in the signature changing 
case and need to be generalised. We discuss the results 
in the next section. 



III. GENERALISED ISRAEL FORMULA 

Under the assumptions of Theorem [T] we have an ori- 
entable bulk M with a continuous, piecewise C^, met- 
ric g. We choose an orientation on A4 and denote by t] 
its canonical volume n-form. This allows us to define the 
Riemann, Ricci and Einstein tensors in a distributional 
way. Since the definitions of the Riemann and Einstein 
tensors contain second derivatives of the metric and this 
is not, in general, across S, one expects that delta- 
type distributions with support on E will arise. Indeed, 
it can be shown [H, that the Einstein tensor of g, 
viewed as a tensor distribution on A4 and denoted by 
G^^, takes the form 

G^.=tG+, + 0-G-, + 5g,,, (7) 

where G^j, are the Einstein tensors of {M^,g^) and ^^j,, 
which is defined only on S, is called the singular part of 
the Einstein tensor distribution. The distributions 9^ 
and S are defined as follows: for any test function Y (i.e. 
a G^ function with compact support on Ai — note that 
A4 is only so it makes no sense to assume higher 
differentiability for Y — ) 

{t,Y)^ [ Yrj. 

Regarding 5, we first define a one-form distribution 5 = 
V^"*" = — V^~, see [13. Explicitly, d acts on any test 
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vector field Y (C^ vector field with compact support) as where are the Levi-Civita connections of and 



S,Y)= / Vda 



where da^ is defined as 



da,, = 



where Ca — Ca = '^a ^ s-i^d {^1 ^1 1 ' 



^i} is a positively- 



oriented basis, that is i^daf^ > (recall that £ 
after identification). 

It is convenient here to choose the normal 



1 



n = 



-AT, 



which does not depend on the choice of TV, but docs 
indeed on the choice of rigging vector £: given the rigging, 
its intrinsic characterisation is n oc N and n^f" — 1. 
The importance of this normal is that the identification of 
the tangent vectors and the riggings at both sides induces 
the identification n = n+ — n . 

Denoting by da a volume element on E defined by 



da,, 



n^da 



da = I'^dar, 



the distribution 5 is defined by 



Yda 



where Y is any test function. 6 obviously depends on 
the choice of rigging via the normal form n. From the 
identity 

S — nS 

and the fact that 6 is intrinsically defined, it follows that 
a rescaling £' = A~^£, so that n' = An, induces the 
transformation 



6' 



(8) 



after using ([7]). Observe that both d and S have support 
on E. 

We still need to specify the explicit form of CJ^^ in 
expression ([7])- By construction, the metric g has contin- 
uous tangential derivatives at E. Therefore, this singular 
part of the Einstein tensor distribution will be related 
to the discontinuity of the transversal derivatives of the 
metric across E. In the cases where E is timelike (or 
spacelike) everywhere, the normal vector N is transver- 
sal to E, and therefore we can choose the rigging to be 
proportional to N and unit. This implies that n is also 
unit and in fact £" = sign(n, n)n". Thus, the second 
fundamental forms inherited by E from both sides, which 
can be promoted to spacetime tensors by means of the 
definition 



— fJ, f ^ ^ 



is the projector orthogonal to E, encode properly the 
jumps of the transversal derivatives of the metric. It is 
not surprising, therefore, that g^,^ can be written down 
in terms of the jumps of the second fundamental forms 
in the non-null case. This is the content of the so-called 
Israel formula 16J which reads, taking sign(n, n)n point- 
ing towards 



G^.. = - [K^,] + P^, [K] . 



(9) 



Here and in the rest of the paper, the "discontinuity" [/] 
of any object which has well-defined limits at both sides 
of E is defined as 



[f]{p)= lim !+{x) 



jvt + 



lim / [x] 

z — > p 



In the signature-changing case, and in general when- 
ever Eq 7^ 0, the normal vector is no longer transverse 
to the hypersurface everywhere. Thus, the second funda- 
mental forms of E are no longer suitable to measure the 
jumps in the transversal derivatives of the metric. This 
makes clear that the Israel formula (O must be modified 
in these cases. Taking into account that £ is transverse 
to the hypersurface, it is natural to substitute the second 
fundamental forms by the new objects [s^ 



/3 



where now the generalized projector 11"^ reads 



Observe that 11^^ is no longer symmetric, and that 



^'^n"^ = 0, hence 



£^m 



0, tnt 



0. 



We can now write down the expression of Qf^y in terms 
of jumps of these objects [ssj 



-g^,|^ {n'^n^iHo.p] - n"n^[n%]) . (11) 



* It must be remarked that, in purity, tlie second fundamental 
form of a hypersurface is a tensor field defined only on the 
hypersurface. Thus, the rigorously defined object is in fact 
Kab = ~9 {iiy^ Sa^b) y which is symmetric. One can however 
use any unit extension of n outside S to define Kf^^, and then, 
in fact, Kab = l^iivSa^b' Similarly, the rigorously defined ob- 



ject using the rigging is "Hab 



I Sb I , which in this is 



case is not necessarily symmetric. Extensions of n and i out- 
side S keeping n^f*^ = 1 permit then to define 'Hfi^ and, again, 

'^ab — "^iif^a^b ' 
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This is the generahzation of Israel's formula ([9]) to ar- 
bitrary hypersurfaces. The transformation ([5]) under 
change of rigging can be directly checked in this expres- 
sion, taking into account that [H'^^] = A^^[Hap]- Note 
that [13: 

• Ti^i^ are not symmetric, but [7^^,^] is symmetric; 

• [W/^i/] does not depend on a change of rigging i' = 
i+ f^Ca for any functions /° defined on E. Neither 
n does, and therefore Guv does not depend on a 
change of rigging of that kind. Thence, the only 
transformation of C/^^ under a change of rigging is 
through the rescaling ^ discussed above. 

These are of course necessary consistency properties of 
the final expression PT|) . It should also be remarked 
that, for timelike branes, this expression reduces to the 
usual Israel formula by taking £ = sign(n,n)n as be- 
fore. Note that then n"H^^ = ^"^a/j = and = 
sign{n, n)K^p. 

The generalised expression pT|) satisfies 

n^e^. = 

as one can immediately check. Thus, at points where E is 
not null only the tangential components Qab — Ca'^Gb^Gap 
are present, and they contain all the information carried 
by Q^v For a E with a non-empty Eq, though, one should 
bear in mind that the normal vector n is tangent to E at 
the null phase Eg, so that the geometrical interpretation 
of this vanishing contraction is not so straightforward. 



IV. FIELD EQUATIONS: THE 
ENERGY-MOMENTUM TENSOR ON THE 
BRANE 

We are now in a position where the Einstein equations 
on the bulk can be discussed. Due to the structure of 
the Einstein tensor distribution of the bulk ([7]), the cor- 
responding energy-momentum tensor on the bulk 
will also be a tensor distribution and will consist of three 
parts: the tensor fields defined on each region 
at each side of E, plus a singular part with support on E 
proportional to J, 

Notice that, again, r^i^ does not have intrinsic mean- 
ing because n cannot be canonically normalized on a 
signature-changing brane. Only the product 5 t^^i, is well- 
defined. For the individual term r^j/ to become meaning- 
ful, a volume element must be fixed once and for all on 
E. Equivalently, one must choose a given rigging, which 
in turn determines a unique normal one-form. Despite 
these issues, we will refer to r^^ as the energy-momentum 
tensor on the brane E. 



Keeping this in mind, the Einstein equations on the 
bulk are given by 

G^.+A^. = «^„T-^^,, (12) 

where k„ is the n-dimcnsional gravity coupling constant 
and we have set 

A^, = 9+A+g+^ + e-A-g-„ 

where are the cosmological constants corresponding 
to A^^. Observe that we are allowing for different values 
of the cosmological constant at each side of the brane E. 
The Einstein equations ([T^ decompose then as 

r<± , A± ± ^ 2rj,± 

on each of plus 

at points on E. Let us insist once more that this last 
equation is intrinsic only when multiplied by the distri- 
bution 5. However, one can still write as it stands 
because both sides of the equation are affected by exactly 
the same normalization freedom. Furthermore, note that 
(fT5)) together with pTjl constitute the generalisation of 
the Israel equations to general hypersurfaces in terms of 
the energy-momentum of the (hyper)surface layer. 
The geometrical property n^Qf^u — implies then that 

n^T^. = 0. (14) 

As discussed above, at points where E is not null, in 
particular on its Lorentzian part E/,, equations (|13p are 
equivalent to the n{n — l)/2 projected equations 

Qab = K^Tafa, (15) 

which are defined on the brane, where as usual 

Nevertheless, for general branes the n{n — l)/2 indepen- 
dent relations contained in ([TH)) are not so simply inter- 
preted, and in fact the meaning of (fH|) on the null phase 
Eg and the signature-changing set S" C Eq is that any 
tangential component of r^j^ along the unique null de- 
generation direction must vanish. 

It is customary to decompose the total energy- 
momentum tensor on the Lorentzian part E^ of the brane 
into two parts 14]: the brane tension which takes the 
form —Ahab of a cosmological constant term given by 
some effective theory defining the brane, and the energy- 
momentum tensor of the particles and fields confined 
to the brane. Following the same idea, sometimes we will 
consider a similar decomposition all over E 

Tab = -Ahab + t2 ■ (16) 

It must be remarked then that, at points in the signature- 
changing set S, T^Jl does not contain the full information 



11 



of the energy-momentum tensor of fields "confined" on 
the brane. 

Regarding specific energy-momentum tensors on the 
brane, much attention has been focused to the case where 
the total energy-momentum tensor on the brane is of 
"cosmological constant type" , probably for simplicity. 
From relation it follows that this case corresponds 
to a brane with non- vanishing tension but no matter con- 
tent, so that = 0. In the final part of this section we 
will show that for signature-changing branes the energy- 
momentum tensor cannot be of this type near S. We do 
this in two steps: for so-called umbilical branes, and in 
the general case. 

A. Umbilical branes 

Recall that a hypersurface is called umbilical whenever 
its second fundamental form is proportional to the first 
fundamental form: Kab oc hab- In the constant-signature 
case, the most simple way of obtaining Tab — cthab for 
some scalar field a consists on gluing two umbilical hy- 
persurfaces E^. This follows immediately from the stan- 
dard Israel formula ([9]). As a matter of fact, this proce- 
dure is exclusive of constant-signature branes, because 
signature-changing branes cannot be umbilical, as we 
show next. 

To that end, let us decompose the normal vector n in 
the basis {£,ea}- Since the contraction of n — {n,n)£ 
with n vanishes, it follows that this vector must be a 
linear combination of the tangent vectors Cq. Denoting 
the coefficients by we have 

{n,n)£ + n°-ea. (17) 

Recall also that the second fundamental form defined 
as an object in S reads Kab — Ba^Cb^K^,, = Ca^Cb"'^ ^n„. 
Then, we have the following important result, which was 
advanced in [l|. 

Proposition 2 A umbilical hypersurface of a 
spacetime must have constant signature. 

Proof. Let S be a C'^ hypersurface and n a normal 
one-form. Multiplying n in P?|) by ef, and using hab — 
ea^eb''gtj.v\T., it follows 

n'^hab = -{n,n)e0eb'^. 

Defining nil 

ipa = -^"ea^V^n^, 
it is straightforward to obtain {da = Ca^d^ = d/dS,'^) 

da{n,n) = -2{n,n)ipa + 2Kabn''. (18) 
Let us assume now that E is umbilical, i.e. 

Kab = Fhab, 



for some function F on E. F is at least C^, because the 
second fundamental form is and h is C^. Equation 
(dS]) becomes 

da{n,n) = -2{^a + F£pea^){n,n), (19) 

which can be viewed as a differential equation for (n, n). 
Uniqueness of the solution follows because the first factor 
on the right hand side is at least (notice that ipa is 
from its definition). Thus, if {n,n) vanishes somewhere, 
then it mush vanish everywhere on E. This proves the 
claim. ■ 

Observe that the door for umbilical hypersurfaces 
which are null everywhere is still open. In this case both 
the second and first fundamental forms are degenerate 
and share the null degeneration direction. Thus, one 
can also try to glue two spacetimes across umbilical null 
branes. 



B. The brane tension 

Let us finally address the question of whether there 
can be general branes with only brane tension. Proposi- 
tion [2] is a preliminary no-go result along that direction. 
Nevertheless, in principle one could still try to obtain 
Tab = othab by gluing two non-umbilical hypersurfaces. 
The following result, already announced in [l|, proves 
that such a brane cannot undergo a change of signature 
unless a vanishes somewhere on E. 

Theorem 2 Let T, be a brane constructed under the as- 
sumptions of Theorem [IJ // Qab = Phab for a function (3 
which is non-zero everywhere on E, then E cannot change 
its causal character. 

Proof. Projecting (fTT|) onto E with Ca^Cb^ and using 
Qab = PKb, we get 

Phab = - {n,n)[Hab] - hab {n°'n'^[Hai3] - {n,n)[H°'a\) ■ 

(20) 

Expression ^ and £""H^p = implies n°'n'^[Hai3\ = 

n^n^Uab]- Using also n^n^hab = {n,n){{n,n)£°'£a ~ 1) 
which follows by squaring {n,n)i°' in p?)) . the contrac- 
tion of (l20|) with n°n'' gives 

(n,n) {(/3- (n,n)[7^%]){(n,n)V^- 1} 

+ n"n^[Ha/3](n,n)V^} -0. (21) 

Thus, the expression between braces must vanish on E^U 
E E which readily implies 

lim 3 = 0. 

Since /3 is at least C^, hence continuous, we have f3\s = 
and the result follows. ■ 
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Evaluating (|20|) on S and using that f3 vanishes there, 
we obtain 

In addition to this result, let us note that the identity 
(see [38J for a proof) 

[Kab] = {n,n)[Hab] 

clearly implies that [JiTahJIsQ = on the null phase Sq; 
so, if we demand [Kab] = Fhab on S, then F must vanish 
at the null phase Eq too. 

An important corollary follows from Theorem [2] 

Corollary 3 For any choice of normalization, the con- 
dition Tab — ^^hab for a constant brane tension A ^ 
is incompatible with a change of signature on E. 

A physical interpretation of this result is that a change of 
signature on the brane requires that some matter fields 
become excited, or equivalently that a signature change 
cannot occur just spontaneously. Let us remark that the 
possibility of having Tab = ahab for some function a has 
not been ruled out, but this function must necessarily 
vanish at the signature changing set 5*. 



V. GENERAL BRANES IN STATIC AND 
SPHERICALLY, PLANE, OR HYPERBOLICALLY 
SYMMETRIC BULKS 

Our aim now is to provide examples of sufficient gen- 
erality for the construction described in the previous sec- 
tions. More particular examples on anti de Sitter bulks 
will be then considered in the next section. We will 
put particular emphasis on the possibility of signature- 
changing or null branes, but we will also compare these 
cases with the standard timelike branes. 

In this section, we treat the case of general n- 
dimensional static spacetimes (A/"*,!?^) (with n > 2) 
admitting an isometry group Gk of dimension k — {n ~ 
l)(n — 2)/2 acting on the hypersurfaces orthogonal to the 
static Killing vector and containing an isotropy group Ig 
with s = {n — 2){n — 3)/2 parameters. We will restrict 
to branes preserving the Gk symmetries, which leads to 
a symmetry-preserving matching of spacetimes, see (soj . 

In appropriate adapted coordinates, the most general 
such spacetimes have line-elements 



ds2+ = -A'^{r)dt^ + B^{r)dr^ +C^{r)dnl,..2, 
-- -A^{r)di ^ + B\r)dP^ + ^^(f)^!!^^,. 



ds 



where dfil. 



is the 'unit' metric on the (n 



dimensional Riemannian space T" ^ of constant curva- 
ture, written in standard coordinates denoted by </> (and 



analogously for dV.-i 



The functions A, B and C de- 



of generality. The range of the coordinates t and r may 
vary from case to case, and thus it is left free in principle. 
The same comments apply to A,B,C,i and r. 

Let us consider the Gfc-symmetric hypersurfaces E^ 
m 7V±. They can be defined via embedding maps 
^± : E A/"^. Taking local coordinates </3*^} on the 
abstract matching hypersurface E (M, N, ■ ■ ■ = 2 . . .n — 
1), where {<y5*^} are standard coordinates on T"^^, the 
embeddings ^± can be written in local form as 



^+{t^^')^{t = t{0,r = r{0,i 



= (E+), 
^^'^=^*^} (E-). 



The images under the differential maps d^^ of the tan- 
gent space basis {d^,d^M} on E are of course bases of 
the tangent spaces on E^. They read explicitly 



e^"^ = idt + rdr \ 
= tdf + rdf 



s- 



e + 



ls+ 



s- 



where the dot means differentiation with respect to ^. 
Defining the functions 



N- 



= -aH^- 

= -A^¥ 



B^ r^ 

- B^P 



(22a) 
(22b) 



a simple calculation shows that the two first fundamental 
forms inherited by E from J\f^ coincide if and only if 

N+ ^N- =N, G^C = a{0, (23) 
so that the induced metric on the brane takes the form 



ds^\^ = N{Ode 



1 t£ 



(24) 



Thus, the brane E will have in general a Lorentzian 
phase El where iV < 0, an Euclidean phase E^ defined 
by > 0, and a null phase Eq where A^ = 0. The 
Lorentzian part E^ describes a Robertson- Walker (RW) 
spacetime with ^ related to the standard cosmic time 
TiO by 



T = 



(25) 



pend only on r and are taken to be positive without loss 



The whole brane is foliated by homogeneous and 
isotropic (maximally symmetric) spacelike hypersurfaces. 
Changes of signature occur at given "instants of time" 
corresponding to the values of ^ where N vanishes 
but is not identically zero in any neighbourhood of ^m- 
The set of all such define the signature-changing set 
S of E. 

From the point of view of the Lorentzian part of the 
brane the Lorentzian geometry becomes singular at S. 
We shall describe later the type of singularity that any 
observers living on E^ will see there. We must emphasize, 
however, that this singularity exists only from the inner 
point of view of the Lorentzian part E^, and concerns 
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only the brane's "Lorentzianity" . Neither the bulk nor the 
hypersurface S defining the brane have any singularity 
anywhere for regular functions N{^) and a(^). 

In order to complete the matching and have a well- 
defined bulk and brane, we need to choose a rigging and 
solve the algebraic equations ([5]). For convenience we 
choose normal one-forms of with the same norm at 
points $±(p),p S S. One possibility (not unique, of 
course) is 



N+ = AB{-rdt- 
N- = isf-fdf 



ls+ 



idr) 
h <df 



Note that {N+,N+) = (AT", AT") = -N provided that 
the preliminary matching conditions hold. A suit- 
able rigging on S+ is 

£+^ei{^A~^rdt + B-Hdr)\^^ 

where ei selects the subregion of the spacetime we are 
choosing; see subsection IV Bl below. Note that N^i'^ ^ 
everywhere on E"*", as required. To find the rigging 
£- satisfying ([5]), observe that £+ is orthogonal to the 
tangent vectors of T"^^, which implies that ^_ must be 
a linear combination of dj: and df. Thus, we can write 
without loss of generality 

L = tiL{-a^A-^r di + B-^~t df)\^- 

where L 7^ and are coefficients fulfilling the equa- 
tions 



2fi = L{a^ + l) ir, 



(26) 
(27) 




^2 52 



The second equation involves L quadratically. In order to 
obtain a linear equation in L which will be useful below, 
let us consider the linear combination of ([27|) times N 
minus the square of (|26p . The resulting expression is a 
perfect square. Taking its square root, which introduces 
an extra sign e, we get 



ei(^+^?)lE+ =«i(iV-r)b 



(28) 



B 

a' 



,B 
—1 

A 



Due to the positivity of the rest of the factors, this equa- 
tion readily implies that e = sign(L). The fact that the 
above combinations can be written in the covariant form 
(PS)) is not by chance. It simply accounts for the a pos- 
teriori identification (after the matching is completed) 
of n+ with n~ (see Section IIII[) : this trivially implies 



(n+, n"*") = (n , n ), which thanks to choosing iV+ and 
AT- with the same norm yields {N+i^y = {N-£'t)^. 
Thus, ((28|) follows for a certain sign e. Moreover, as a re- 
sult, the identification of n+ with n~ clearly leads now to 
the identification of Ar+ with eN^. In fact, it turns out 
that the first equation in fH) can be substituted by this 
relation (|28p — whenever the normal one-forms have 
the same norm — provided that the set So has empty 
interior. 



A. The energy-momentum tensor on the brane 

In order to calculate the singular part of the Einstein 
tensor distribution, and thereby the energy-momentum 
tensor on the brane, we need to know [Tiah]. After a 
straightforward calculation using the definition (fTO|) we 
obtain 



ei [n^^] = -ft -ir + L {a^f~t + t'fj 



-fH 2 



~A 



~B 



i AAj 



\ A 



j4 ^ B 7^ 



B 



£2 



ei t 



• CC 7- 



dVL' 



52 52 

\H(^m] — 0, 

where, for later convenience, we have defined 

[H] = n+ -H- 

with 



, (29) 
(30) 

n] dnl.„-2, 



n 



+ — 



;CC, 



52 



e,Lt—r 



52 



(31) 



Next, we must use expression ([TT]) to obtain the tensor 
Gf_i,y. Obviously, the explicit form of this tensor depends 
on the coordinate system used to describe the spacetime. 
Since the matching procedure allows for different coor- 
dinate systems on each side of the matching hypersur- 
face we need to choose one of them. For definiteness we 
choose the coordinate system on A/"^ . Using the explicit 
expressions (j29ll31|) for [Hab] together with the fact that 
£^[^1^,^] — 0, and after some calculations, the final result 
can be conveniently written as 



-(" -^)[^] {AHdt-B^rdrr 

C2(^^A^+)2 ^ ^ 



3)N[H] 



{£%N+y 



dO^„-2 



(32) 

E + 

As expected, ^^i, is directly related to the quantities 
[H^^] and [H]. However, expressions and (I5D1) for 
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these two quantities are not quite satisfactory yet be- 
cause they involve L and a which are the solutions of the 
algebraic equations ((26|l and (j28p . Solving directly for 
L and a and substituting into and is not con- 
venient since the preliminary matching conditions must 
also be taken into account. We leave the details of this 
somewhat tricky calculation to the Appendix IVIII and 
quote here the final results. It turns out that, at points 
where 7^ 0, \H] can be written in the symmetric form 



TV 



A ~ ~ A ■ 

. B ' B ' 



(33) 



while \H^^] reads 



XT \HfA 1 1 



et 



B 


B r i2 


f( 


N ■ 


— - 
A 




r 




, .2 


B 


(- 


~ A 


y2N 



(34) 



Due to the presence of N in the denominator it may seem 
at first sight that the expressions ((33l [34| diverge when 
we approach the null phase Sq. This is however not the 
case because [Ti^i/] is by construction well-defined every- 
where on S. This also follows directly from expressions 
([29)1 and pO|) . which are regular on Sq. 

For completeness, let us include here an expression for 
[H] at points on Eq. Equations become 



A^ ., 



42 . 



Using all this in ([30]) and recalling a = Cr^js = G,fr\Y.^ 
we finally obtain 



[H]|so=sign(ri)ad^ fl - 3^ 



Once we have computed the singular part Q^^ of the 
Einstein tensor, given by (|32p. the energy- momentum 
tensor on the brane follows directly from ((T3)) . A conve- 
nient way of describing this object is via its eigenvalues. 
Since Gfj.i^n'^ = holds identically, the rank of the tensor 
C/^i^, and hence of r^^ is at most n ~ 1 and is always 
one of its eigenvalues. In order to evaluate the remaining 
eigenvalues of t^^, — which correspond to the eigenvalues 
of Tab wherever E is not null — let us rewrite p2p as 



T^.^dx^dx" = -N-^g{AHdt - B'^rdrf +pa'^d^l\„- 



where we have defined 



(36) 



{n~2)N[H] 




A 
B 



n - 3 



This implies that neither r, t, r nor t can vanish on Eq 
(otherwise $± would not be embeddings). Then, equa- 
tion ([TT]) implies that 



which inserted in (|26p gives 

rt 



(35) 



Since the one-form —A^tdt + B^fdr appearing in (j36p is 
precisely the tangent vector with index down and that 
its norm is simply N , it follows easily that the remaining 
eigenvalues of r^i, are precisely —p and p. 

The explicit expression for p can be read off directly 
from the previous formula and the use of (|34p . However, 
it is simpler and more convenient to note the following 
identity which follows after a straightforward, if some- 
what long, calculation 



So 



-P) 



(n - 2) J AHr / C,r \ _ AHf j 



a \AB 



AB 



= 0. (37) 



This identity clearly resembles a continuity equation. We cations for anti-de Sitter bulks, 
shall see that this is exactly the case, with explicit appli- 
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B. The meaning of the signs 



by AdS„. For that, we choose the metric functions to be 



Since our convention is that the rigging £^ of S+ points 
towards the submanifold C 7V+ and that £- points 
outwards from the submanifold C Af~ it follows that 
choosing the signs e and ei amounts to selecting which 
subsets C are taken to perform the matching. 

Hitherto everything is valid for general branes. How- 
ever, if S is non-null everywhere, the algebraic equations 
(I26I27P admit two different solutions for L for each choice 
of £+, and these two solutions have a different sign e, ac- 
cording to (|28|) . On the other hand, if there is a point 
p where E becomes null, from Lemma [3] there is at most 
one solution for e. Let us determine its value. We al- 
ready know that e = sign(L), but has been already 
computed on (|35p . and consequently 



e — sign(L) = sign(ftf t) 



(So ^ 0) . 



(38) 



Therefore, if Sq is not empty then e is unique and ex- 
plicitly determined by the two embeddings. Since in the 
purely Lorentzian (or Euclidean) case e is free, we shall 
also keep e free in order to compare our general results 
with previous works on Lorentzian branes. 

With regard to the remaining sign ei , this has not been 
fixed so far. Observe that ei = sign(£" A^+), as follows 
from (|28p and the fact that A, B, C have been chosen 
to be positive. The interpretation of this sign is, there- 
fore, as follows. In the construction above, we use two 
spacetimes, each of which contains a hypersurface that 
separates each spacetimc into two regions. So we have 
four regions to play with. Fixing one of the regions in 
one spacetime, this may be matchable to none, one or 
both of the regions in the second spacetime — if E has a 
non-empty null phase, there is at most one possibility as 
follows from Proposition[T] But, can the left-out region of 
the first spacetime be matched to any of the regions in the 
second? The answer is yes if the originally chosen region 
in the first spacetime was matchable to one of the regions 
in the second; and actually the region that now matches 
with it is precisely the complementary part of the one 
that matched with the first region of the first spacetime. 
In short, given two matchable spacetimes there always 
are two complementary matchings, as discussed in detail 



5l|. This provides an interpretation for ei: it selects 



which region at both sides of E in the first spacetime is 
taken to perform the matching. A scheme of the four 
possible different cases discussed in this paragraph for 
the particular case of AdS bulks is shown in Figure [H 



C = r, 
C = f, 



(39) 
(40) 



where A and A are non-negative constants related to 
the cosmological constant by means of 2A„ = — (n — 
l)(n — 2)A2, and analogously for the tilded ones. Here 
k — —1,0,1 corresponding to three possible coordinate 
systems to describe the AdS„ spacetime. k coincides with 
the sectional curvature of dU,y.n-2. 

The case of a fiat bulk is included here for the values 
A = and A: = 1. When k = 0, 1, the ranges of the 
non-angular coordinates are —00 < t < 00 and r > 0, 
the center of symmetry being located at r = 0. In the 
k — —1 case, though, the range of r is further restricted 
to r > 1/A. 

Due to Corollary [2] we cannot construct the bulk 
by gluing together two copies of a submanifold-with- 
boundary of AdS„ if the boundary has a non-empty null 
phase. However, there is no a priori obstruction to con- 
sider two different submanifolds-with-boundary of AdS„ 
or, more generally, to try and paste a region of AdS„ 
with another region of a possibly different anti-de Sitter 
space, AdS„, with another cosmological constant. For 
simplicity, and as in the previous section, we will only 
consider branes E with spherical, plane or hyperboloidal 
symmetry. 

Particularizing the equations of the previous section to 
the explicit functions pOMOp . we get 



a(0 = riO = m 



(41) 



while (|22p and (|23p yield ordinary differential equations 
for t{£_) and i ($) in terms of N{^) 



aa 



t = 



k + A^a^ 



era 
k + X^a^ 



- N 



(42a) 
(42b) 



where a and a are two signs. For compactness, it is 
convenient to define 



VI. SIGNATURE CHANGING BRANES IN 
AdS„ BULKS 

Let us now specialise to the case where and 
are anti-de Sitter spaces of dimension n, usually denoted 



e = eaa, 



which will in fact substitute a. 



(43) 



With these expressions we can write down the explicit 
form for g and p in the present case: 
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- N 



ea 



2N a a 



AM- 



- N 



2N a a 



N 



A2 



where 



which we use to obtain 



N 



'k + o?X^ 

Regarding the identity ((37| . it simphfies to 

^+4(log^±Sh+(n-2)^(e + p) = 0. (44) 



\N\ 



At points where N ^ Q (i.e. outside the nuU phase So) 
we can define 



Q = Q 



W\ ' 



(45) 



so that the conservation law is obtained from (j44|) in its 
standard form 



Q+{n-2)-{Q+p) = 0. 
a 



(46) 



This choice of normahsation may seem artificial, but 
it corresponds precisely to the choice of the unit normal 
vector as the rigging vector on S^. Therefore, g and p 
are functions that correspond to the energy density and 
pressure measured within the Lorentzian part T,l of the 
brane E. These non- hatted functions are then relevant 
physical quantities one has to analyse. 

To start with, recall that g and p are regular every- 
where on E. Thus, from (|45p one could be misled to think 
that the energy density g and pressure p blow up when 
approaching a change of signature S'n S^. Nevertheless, 
we are going to prove in what follows that, actually, g 
vanishes at the signature change, and that p can also be 
regular in many cases; see subsection IVIBI 

To show this and to compare with previous works on 
purely Lorentzian branes in AdS (see e.g. [IH), let us 
perform the change ((25|) from the timelike coordinate ^ 
to the cosmic time T, which is suitable at points where 

< 0, so that the line-element p4l) reads on El 



Using the notation ' = d/dT we have 



a 

'n 



N 



(47) 



g' + {n~2)-{g + p)^0, 
a 

^2 



(48) 




Defining the Hubble function H = a' /a as usual, equa- 
tion (gS]) yields 



n-2 



H' 



A^ 



-1/2 



-1/2 



(50) 



Passing any of the square roots of (I49p to the left and 
squaring we obtain the following respective two expres- 
sions 



k 



aeiE- 



+ ^ + A2 
(n-2) 



A"-A^ 



{n - 2)2 



(51) 



k 



+ A2 



crei- 



i n-2) 
2kI 



A2 - A2 + 



in-2y 



(52) 



Now, squaring any of these two expressions, and provided 
£1 7^ 0, we obtain the following condition 



/2 



(n-2)2 



A2 + A2 - 



(n-2)2 



which is usually referred to as "the modified Friedmann 
equation" for brane- world cosmologies. 

Let us discuss these relations (|48II53|) in detail. 

• An important remark is that (|48ll53p hold only on 
El. 
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• Equation p5|) is the usual continuity equation in 
(n — l)-dimensional RW spacetimes. The tradi- 
tional 4-dimensional case is recovered by assuming 
n = 5, that is, a 5-dimensional bulk. 

• Equation (|50p can be regarded as a Raychaudhuri- 
like equation on the brane. 

• Concerning ((49|l . let us first of all stress the fact 
that the modified Friedmann equation ([53|l . which 
is the equation usually found in the literature as a 
consequence of using the SMS [§| formahsm, is just 
one of its consequences. In other words, ([53]) is only 
a necessary quadratic condition, and its solutions 
still have to satisfy (|49p. Thus, the truly relevant 
equation, containing all the information, is 

To see this in more detail, and its consequences, let 
us focus on (|5ip and ([5^ . By multiplying these 
two equations we obtain 



Z2 -mirror Lorentzian branes 



< -e 



from where 



n- 2' 



2' 



^\g\<\^\X'-X'\ if e=l. 



n- 2' 



\g\>\^\X^-X'\ if e = -l. 



(54) 
(55) 



appears in full form in 
for the so-called 'shell 



The important expression 
[1, [lB|, and partially in [l~ 
cosmologies'. 

In expression (|^ (for n — 5), both the usual 'brane', 
i.e. using Z2-mirror symmetry in AdSs, and the 'shell' 
cosmologies are naturally recovered. The Z2-mirror 
branes require A = A and, as we already know, are in- 
compatible with signature changes or null phases. The 
shell cosmologies, also referred to as 'asymmetric' brane 
cosmologies in [13| . require on the contrary that A ^ A, 
and they are compatible, in principle, with the existence 
of null phases Sq and signature-changing sets S. 

Next, we discuss all these different possibilities. 



A. Constant-signature branes or shells in AdSs 

These cases are characterized by having only one of the 
possible phases, and thus S" = 0. The relevant physical 
case is the Lorentzian one, that is, when S = S^. Then, 
relations (|48ll53p hold on the entire E. The other two 
cases Y, = 'Se and S = Sq can also be treated in the for- 
malism, but they have no direct physical interpretation 
apart from possible topological defects. 



For Lorentzian branes S 
try one only has to take 



S L with Z2-mirror symme- 



A = A 

and £ = — 1. The latter is necessary because for a Z2 
matching, t = t and r = f and (|42p implies a = a. 
Moreover, e = — 1 because iV+ must be identified to 
— AT^, c.f. the discussion after (|28p . Thus e = —1 follows 
from (|43p . Notice that e = 1 corresponds to a matching 
that recovers the original AdSs spacetime (in particular 
p = in that case, as follows from ([49]) ). In order to 
have a positive g, we have to choose the matching such 
that crei = —1. The geometrical view of different possible 
matchings depending on the values of aei and e are shown 
in Figured! 

For these Z2-symmetric branes in AdS bulks, the big- 
bang singularity on the brane is characterised by the di- 
vergence of Q and p. In the cases k = 0,1, since the 
brane is assumed to be regular (r > 0) and Lorentzian 
{N < 0) everywhere, the only possibility is that the big- 
bang coincides with the vanishing of a. This big-bang is 
therefore located at r — > in the AdS bulk, which corre- 
sponds to the centre of symmetry on the bulk. In fact, 
the brane cannot be regular there, because it is forced to 
be Lorentzian. As for the cases with fc = — 1, the range 
for r is restricted to r > 1/A and therefore the description 
of E in those coordinates obviously fails at a < 1/ A. 



2. Shells, or asymmetric Lorentzian branes 

The asymmetric case is characterized by 
A 7^ A. 

Observe that then, both possible signs e = ±1 are feasible. 
This has been correctly stated in [1, [l^ but, for unclear 
reasons, only the case e = 1 was considered in [l^, fll| . 
By setting e = 1 in our formulae and using the freedom 
in interchanging A and A one can set ati = 1 without loss 
of generality This implies A > A for a positive g. Notice 
that there is an upper bound for the energy density g 
given by (I54p . As far as we know, this upper limit had 
not been noticed before. 

On the other hand, the case e = — 1 requires from 
(|49|l that crei = —1 if p is to be positive. Acceptable 
matchings are hence possible, and both signs of A^ — A^ 
are allowed. In this case, there is a lower bound for the 
energy density given by (|55p . 



B. Signature-changing branes in AdSs 

It follows from Lemma [3] that only one of the values of 
e allows for a non-empty signature-changing set S. This 
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FIG. 2; Four different possible matchings between AdS and AdS in the case fc = 1 driven by the signs e and ei (fixed a and 
cr). The anti de-Sitter diagrams for k = 1 are drawn at the top. The slashed curves represent E"*" and E~, that divide AdS 
and AdS into two parts, respectively. The pairs of choices of regions (halves) to be joined depend on the relative signs of the 
rigging vectors, e, and to the orientation of £, which is determined by e\. For e = 1 we obtain one of two possibilities on the 
bottom left, which differ on the sign of ei, and for e = — 1, the two on the bottom right. 



was identified in ([55]) as e = sign(ffii). Using (|¥T|) and 
we get e = cTfT, so that in this subsection we must 

set 

£ = 1. 

This implies, on using (|49p . that wc must necessarily re- 
quire 

A ^ A 

so that signature-changing branes must be of 'asymmet- 
ric' type. This, of course, is nothing but a direct con- 
sequence of the general Corollary [5] Furthermore, the 
possible matchings for a positive g are identified by the 
necessary condition 

aei = sign(A2 - A^), 



as follows from the discussion after Again, q is 

upper-bounded by ([51)1 . 

Nevertheless, things can behave quite differently now 
in comparison with the typical, purely Lorentzian, 'asym- 
metric' case studied above. For instance, new types of 
'big-bangs' — in the sense of the beginning of time — can 
appear at points where a is not zero, d and a are well 
behaved, but where a! and/or a" diverge. Actually, that 
happens precisely at the signature-changing set S due to 
the vanishing of TV there. This type of behaviour simply 
cannot be found in pure Lorentzian brane cosmologies, 
be them Z2-symmetric or asymmetric. 

Moreover, in the signature-changing case one can fur- 
ther prove that (|49|) . or its consequence the modified 
Friedmann relation (|53p . allows us to avoid the presence 
of truly singular big-bangs even from the point of view of 
the observers in the brane. To show this, we first note 
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that 



as otherwise, since = on S*, from (|42p we would have 

that t\s — t\s = 0, which we know is impossible on 5, 
cf. Sect. IV Bl Thus, from the definition of a' we have 
the following 

Lemma 4 On a signature- changing brane with ^ 0, 
a' diverges necessarily when approaching the signature- 
changing set n Si. Hence, H also diverges there. H 

Now, since H is unbounded when approaching 5 n Sl , 
(|49ll easily implies that g vanishes there: 



and p remain finite and well-behaved everywhere on Sj;, 
are feasible. Recall that g always vanishes at the change 
of signature. 

We would like to stress that this conclusion and theo- 
rem[3]are very satisfactory results: the Hubble parameter 
H — an observable quantity — diverges when approaching 
the change of signature, yet the whole geometrical struc- 
ture remains unhurt and the relevant physical quantities, 
such as g and p, are regular there. 

Fully explicit examples of signature changing branes, 
with particular known functions a(^) and N{£^), were pre- 
sented in [l|. We refer to this letter for some discussion 
and extra comments of physical interest. 



lim g . 



lim 



3aei A2 - 



0. 



(56) 



Collecting the results we have thus proven the follow- 
ing: 

Theorem 3 In a signature- changing brane produced by 
joining AdS5 and AdS^ preserving the spatial symmetries, 
the total energy density g on the Lorentzian part of 
the brane is bounded above by |5.^[ ) and vanishes at the 
set of signature- changing points S" H Sl- H 

As a remark, observe that linear equation of states 
of type p = jg with constant 7 are not allowed in 
this signature-changing case, for this would imply from 
(|15)) that pa'^'-^'^'''^ =const, which is not compatible with 
the vanishing of g at 5 n (where a must be fi- 
nite.) Nevertheless, general linear equations of state 
of type p = Po + 79 are possible, as (|48l) gives now 
(po + (1 -\- 7) g)a^'^^'^'^^ =const., which has no problems at 
S r\T,L. Observe, however, that this particular equation 
of state implies clearly that p must be finite at 5* n Sl • 

Thus, to study the behaviour of p close to the change 
of signature we use ([50)1 for e = 1, together with ([SS]) . to 
obtain the following limit 



lim p 



H' 

[2 \2 



lim g 



— lim t: ; ; — 1 

,^snsr \H\ \3H^ 




Thus, the actual value of this limit will depend on the 
particular choice of the function N(^): for regular branes, 
p diverges at S H'El if-^|s 7^0, while p remains regular 
if iV = 0. Observe that changing the function iV(^) does 
not necessarily mean a change of cosmological model. 
One can obtain the same Lorentzian cosmological model 
— i.e. the function a{T) — starting from different func- 
tions N{£^) as long as a(^) is changed accordingly. 

Therefore, by choosing appropriately the hypersurface 
S in AdSs, signature- changing branes such that both g 



1. The Lorentzian phase E_l considered as a classical 
spacetime in General Relativity 

An observer living on the Lorentzian part of the 
brane might interpret, in principle, that a change of sig- 
nature would correspond to a singularity in a RW space- 
time. If this "singularity" is in the past, it could represent 
a big-bang from the inner point of view of Sl- We would 
like to discuss this now in detail. 

To begin with, it may seem contrary to our physical 
intuition that — > at the signature-changing set 5*0 Si, 
which plays the role of such a 'singularity' from the inner 
point of view of the Lorentzian phase E^. The meaning 
of this is that the total energy density g (the matter and 
radiation energy density plus the brane tension) 'starts' 
at S" n El, which is the origin of time in E^,, with a 
vanishing value which increases from then on but is al- 
ways bounded by (|54p . We must remark, however, that 
the usual 4-dimensional Einstein equations do not apply 
anywhere on E, and that g and p are (normalized) quan- 
tities associated to the singular part t^^, with support 
on E, of the energy-momentum distribution T^^^,. 

But what would an uninformed scientist, confined to 
live within E^, interpret about these facts? If this sci- 
entist believes that General Relativity (GR) is the cor- 
rect theory describing the universe (i.e., E^ for him/her), 
he/she would rather try to compute the eigenvalues of the 
Einstein tensor within the brane, that is to say, the Ein- 
stein tensor of the first fundamental form hat of E^. The 
eigenvalues of this tensor are, of course. 



^(a'2 + fc) 



a 



k (57) 



1 / a Na 
N \ a~ Na 



a 



which obviously diverge at the 'singularity' placed on the 
signature-changing set S 11 E^. Here, A4 is the GR cos- 
mological constant as computed by that scientist. 

More importantly, let us stress the fact that there is 
a relation between these GR quantities and the actual 
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energy density and pressure on the brane according to 
the real 5-dimensional field equations. For instance, from 
(l49l) we derive 



-Q = o-ei 




(Gi?) 



A4 
3 



(GR) 



A4 



+ A2 



while ([5T|) and (|52p give the inverse relations 



8^G + A4 + 3A2 ^ ^ - + ^r^' ' 



and the one obtained by interchanging A <-^- A. 

These formulas patently show that the GR 'singular- 
ity' where which corresponds to the signa- 
ture change, is simply a manifestation of the fact that 
the proper energy density on the Lorentzian phase of the 
brane actually vanishes there. 



C. Recovering the Friedmann equation at different 
limits: effective 4-dimensional fundamental 
constants 

A well-known fact in the Z2-symmetric brane cosmolo- 
gies, as well as in the asymmetric "shell" cosmologies, is 
that the usual Friedmann equation ([FT]) of General Rel- 
ativity can be recovered from the equation on the brane 
(I49p at the limit when the matter density is small com- 
pared to A, once a non-vanishing tension A has been 
introduced in an appropriate manner. This limit is, in 
fact, the one used to recover the full 4-dimensional Ein- 
stein equations in GR, see [13] , and to relate A5 and 
A with effective 4-dimensional gravitational and cosmo- 
logical constants (see (I55|) below). 

Nevertheless, that limit relies on the existence of a non- 
vanishing tension. In the present case there is another 
limit, both natural and convenient, for which no tension 
is needed. Such limit corresponds to large values of a 
while keeping a finite a', so that + k/o? is small. 
Another characterization of this limit is that SttGq'^'^^^ + 
A4 is small. One appropriate dimensionless quantity to 
perform rigorously this limit is 

H^ + k/a^ STrGgi^^-^) + A4 



A2 



A, 



where « stands for equality except for a constant of order 
one. A or A5 could also be used to define the dimension- 
less parameter. 

Also worth mentioning is the fact that in many papers 
(see i, [H 13) the limits of the modified Friedmann 
equation have been taken starting from the quadratic 
equation (|53p , instead of the original (|49p which contains 
more information, thus missing the meaning of the signs 



e and eicr. An exception is ^iTl where the authors consid- 
ered equation (|49p . but as mentioned before not all the 
possible signs were taken into account. Therefore, for 
the sake of completeness, let us derive the limits keeping 
those signs free. 



1. Large values of a with small values of H 

Let us start by considering the limit for large values of 
a while keeping H small. Equation for n = 5 can be 
approximated to 



aei — g = eA — A + - 



1 a'2 + A; 



|-i)+0(e-.,. 



Since eA — A 7^ in order to have a brane or shell at all, 
this expression can be rearranged as 

-■'2 fc \ 2 2AA 



-:rg + 6eXX + 0{a-^). (58) 



eA- A 

Let us consider now the tension of the brane as a con- 
tributing part of Tab, so that (|16p holds. Then, g and p 
decompose as g = g„i + A and p = pm — A, where gm 
and Pm correspond to . Using this together with ([57|) 
in (l58l). we derive 



8^Ge«=«)+A4 



2AA 



:-(ft„+A) + 6eAA + 0(a-^). 



eA- A 

There are many ways to interpret this relation. In prin- 
ciple, it simply determines the value of g'^'^^^ in terms 
of /Om,A and the constants G, K5,A, A and A4. It seems 
natural, however, to identify the constant terms at both 
sides of this relation, and therefore the remaining terms 
too. Identifying 

g(GR) ^ g^ (59) 

we obtain the following relations between the fundamen- 
tal constants: 



87rG = creiK? 



2AA 

'eA- A 



A4 



2AA 



-^A -I- 6eAA . 



(60) 



(61) 



eA- A 

As far as we are aware, these relations were previously 
unknown. 

Relations ([SO]) and (pT|) can be particularised to the 
case of .Z2-symmetric Lorentzian branes, for which A = A 
and e = —1, so that 

SttG = -creiKgA, A4 = -creiKgAA - 6A2. 

In view that we need crei = — 1 for a positive gravitational 
constant these equations can be rearranged as 



8.G=^ 
6 



A 



A4 
87rG 



A4 = 87rGA + A5 



(62) 



These expressions differ from the ones usually obtained 
in the literature, involving a different limit — given by 
(I65p below — , and seem to be new. 
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2. Small values of Qm/^ 

As for the usual limit Qm/ K — > with a non- vanishing 
A it is convenient to start from the quadratic equation 
(155)1 . Using Q = Qm + ^ and defining /3 = 2,X/{KHi\) and 
P = 3A/(Ak|), it can be expressed as 



It is worth mentioning here that in reference |ll| . de- 
spite the use of the limit of a particular case of expression 
PS)) . the relations found for the fundamental constants 
are the usual ones ([55]) precisely because it was assumed 
that A4 = 0. 



^A2 
36 



l-2(/3^ + /3") + (^^-/32)2 



Comparing with (|57|) we get 



A4 - ^A2 

12 



l-2(/32+/32)^.(^2_^2)i 



^A2 

6 



l-{P'-P'f]^ + 0[{g,JAr] 
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which, as before, provides an expression for (jf'^^) and 
can be resolved in many different ways. Using again the 
natural identification ([55)) . a different set of relations for 
the effective fundamental constants is obtained: 



SttG 
A4 



1 



-4A 

6 ^ 

12 ^ 
81 



81 



2\2 



18 



4K^ 



(63) 



(64) 



For the particular Z2-symmetric branes, for which A ~ 
A, and recalling that A^ = — A5/6, these two relations 
simplify to 



g 5 ' 



BttGA + As 



(65) 



which correspond to the usual relations found in the lit- 
erature M. 



VII. APPENDIX 

The aim of this appendix is to present the intermediate 
steps leading from the expressions (I5D1) and (I29p involving 
L and a to the final result ([33| and (I34p which is inde- 
pendent of L and a and symmetric under the interchange 
of AA+ hyN-. 

Regarding [7i], it turns out to be convenient to work 
with N[H]. Directly from their definitions ([22]), ^ we 

have, using C — C = a(^), 

N[n] = N+n+ - N-n- = 

:^,r I ,2:2 ; o2-2\ 



52 



(66) 



Taking now the derivative of a(^) we get a — C^r'f'\^+ = 



C.ff 



which allows us to build the following chain of 



equalities 



3. Relationship between the two limits 



We have seen that the usual relations ([55]) are not 
unique, since they depend crucially on the kind of limit 
taken. Another limit of physical interest, with no need of 
a tension A, leads for instance to the alternative relations 
([62]) . These two sets (|65p and (|62|) only coincide when 
one demands a vanishing effective four-dimensional cos- 
mological constant, this is, if the tension of the brane is 
fine tuned in order to have A4 = 0. In that case both sets 
contain the same information, given by k|A2/6 = — A5 
(the fine-tuning of the tension) and 87rG = «;|A/6. This 
was to be expected, because the limit at large a implies 
that p^*^^) tends to the constant — A4/87rG, and there- 
fore if (and only if) A4 vanishes then the limit Qm/ ^ 
is recovered by means of the identification (|59p . 



C^rT t " Gfir t = d[H- Lft 



CfLa^tr^ 



Crtr' 



a (^a^L tf — ir 



where in the second equality we used (j26p . Substituting 

now the term C^r'i'^t — C^fLf^ t appearing in (|66p by this 
expression, we find 



N[n] 



.A (A 



B 

a' 



B\B A 




It only remains to use (|28p in the two terms in parenthesis 
in order to get the final result 
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Let us now rewrite (j29|) in a symmetric manner. To get common factors i'^N^ as we did before. Rearranging 
that aim, it is convenient to consider ['H^^]it and try to terms in dm yields 



ru 1+4 ^ if -2+2 I BBr .4 ;2 .. f :2 , Br .2\ ( ^ ;2 , ^ 

eAn,,]tt = t^-—rt - rtt ~ t r ~ [^—t + —r ) [^t + -r 

Now, evaluating iV=^ allows us to write the identities 

A r- o "1 BB r A •" XI 1 • B f A B o \ 

fr^t + —nfr^ - rtt - t^r =^ —^.fN - —r —f + — 

t + a — ^— r — a rtt — t r = — A* —t+a —r , 

A A^ 2A^ A \B A J 

which substituted in (|67|) yields 



1 ..V /-B.. A_r ^2 I -^,'•^2 1 I ^-12 I -^^2 



\A B A J \B A J j 

In this expression the only terms that require extra treatment are A^^rt — La^A^^ft. Multiplying the first summand 
by iV+ and the second by N~ we get, after adding zero in the form of 2~trP — L{1 + a'^)f~t^i = 0, see (1^51) . 

/ 1 , 2 1 s . M •? B „\ ,B .J A~^ 9B 

N -r^rt- La^-^ft = — tf —t^ + —r^ - L-.tr -.t^ + a^-^f^ . 
\A^ A^ J A \B A J A \B A J 

Inserting this into ([55]) we finally find 

^ ~ ( N B . B .. Ar -7 Br .o\ f A.y B .r 

€1 iHfAtt ^ t\ rr - — f -t^ f —t^ + —f' 

^ \2N A A B A j \B A 

ItInB, B, B,,2W^~;2^ 2^.2^ 

77T^—r -r — t —r ] \ —t + a —r , 

\2N A A B A j \B A j 

I 



which becomes exactly (l34l) after using ([28]). 
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